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Sagaun:
1.1
Pezonaropra KyTusi, KoaTo € mokasaHa Ha ¢ur. 1, e Kyxa OT BbTPe, UMa pa3mepu a, b, d u e HampaseHa oT nepdexkTHH
nposoguunu. Ilokakere, de Morar jJa ce pasnpoCTPAHSABAT BbJIHU B KyTUATA C TOYHO ONPEJEJIEHN Y€CTOTH OT BHJIA:

w=cmy/(mfa)> + (n/b) + (1A, n,mi=0,1,2,..

1]

Qdurypa 1:

Yunreane: Thpcere pellleHuATs Ha eJIeKTPUYHOTO U MAarHUTHOTO HOJIE B CJACTHUST BUI:
E (2,t) = Ey (x,y,2) exp (—iwt), B (2,t) = By (x,y, 2) exp (—iwt) .

Kouro tpsibBa 1a ynoBaeTBOpABaT ypaBHeHUsTa HA Makcyesm BbB BaKyyM 3a€IHO ¢ TPAHUYHUTE YCJIOBUS BbPXY CTEHUTE HA
KyTHSATA.

1.2

ITpoBonuuk umain dpopmara Ha Ge3KpaeH W KyX HWIMHABLD ¢ paauyc a (Gbur 2) e paspsasan mo ocra CH Ha JIBE DaBHU
YaCTH, KOUTO €A PA3JIeJIEHU HA HE TOJISMO PA3CTOSHUE €/IHA OT Jpyra. AKO eHATa MOJIOBUHA OT MUJIHHIBPA Ce MOIbPXKA IPU
MOTEHITHAJI V] & ApyraTa Mpu MOTEHIHAJ Vo TO TOKasKeTe, Ue TOTEHIMAIA B TOUKATA ¢ KOOPAWHATH T, B TPOCTPAHCTBOTO
MEXKTY IUIACTUHUTE UM, TTOTEHITHAJ:

Vi+Ve Vi—Vogn (-1 et
= 2 - s[(2n — 1
v 2 + s 2:21 2n —1 (a) cos [(2n )]

Qurypa 2:

HpI/IHHI/IHa Ha MUHUMaJIHOTO ,D;efICTBHe, KOHTO CTe U3NOJI3BAJU B MEXaHUKATA 34 Ja U3BeaeTe YpaBHEHHUATA Ha XaMuJITOH
€ YHUBCPCAJICH TPUHITNTI. Cera, e o0 U3IoJ3BaMe 3a Ja U3BEIeM 3aKOHUTE B reOMeTpuYHaTa OIITHKA (3aKOHa 3a OTpazKeHue
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U 3a [pedynBaHe Ha JbuuTe). B onTMkaTa NMPUHIKIA HA MHUHUMAJHOTO JieficTBUe e u3BecTeH Karo npunimna na ®Pepma
(Fermat’s principle).

IIpunnuna na Pepma riacu:

CaerMHATA W3MUHABA PA3CTOTHUETO MeXTy nBe Toukr A u b 3a Haii-kpaTko Bpeme.

1.3
Nsnonzpaiiku npunnuna va @epma usBeere 3aK0Ha 38 OTPAKEHUE HA CBETJIMHATA (bI'bjia HA NA/JAHE € DABEH HA bI'bJia HA

OTpazKeHHe). 3a [esTa pasrieJaiiTe H3TOUYHUK Ha cBemnHa (To4uka A) u Habmomaren (Touka B) pas3nosoxkenn Ha Orenano
KaKTO e MmokazaHo na @ur 3.

14
WMsnonseaiikn mpuanmma va ®epma nsregere 3akona Ha CHemnyc. 3a 1esita pasrieqafiTe W3TOYHNK Ha CBeTINHA (TOUKA

A) pasnosnoxen B cpeia ¢ mokasares Ha OpedylnBane n, U Habmogaren (Touxa B) pasnosioxkeH B cpeia ¢ MOKa3aTesl Ha
TIpedymBaHe Ny KaKTO e moKazano Ha Pur 4.
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1.5

Cuacuren crou Ha 6pera Koraro 3abessI3Ba JaBell Ce BbB BOAATa KAaKTO e nokasano Ha Pur 5. Cnacurendar 6sara cbe
CKOPOCT 71 a MOXKE Ja IJLyBa CbhC cKopocr ve. Hamepere B Kosi Touka or 6pera Toil TpsabBa aa Bie3He BbB Bojara (x =7) 3a
Ja MOYKe Hai-Obp30 118 CTUTHE 0 JaBEIIUST Ce.

3abemekKa :

WsnomspaiiTe mpunnumna Ha Pepma 3a J1a permuTe 3a/1a9aTa.
1.6



3ewmst Mope

Durypa 5:

Hanenu ca ase Touku A u B, pasmnosioxkenu Ha pa3/ndHa BUCOYMHA, KOUTO Ca CBbP3aHu ¢ XKula. JJokaxkere, 4e KpUBATA,
O KOSITO MPBCTEHYETO 1MI¢ Ce CIYCHe MO JefiCTBHe Ha CUIaTa Ha TEKeCTTa oT Touka A 1o Touka B 3a Hall-KpaTKo Bpeme, e
JI'bI'a, OT HUKJIOHJIA.

3abenekKa.:

Eana xpusa y () € IMKOMMIA TOraBa M CaMO TOTaBa, KOPATO YAOBJIETBOPSBA yPABHEHUETO:

dy 2 d?y
- 2y | — 1=
<dm> +oy <dw2 * 0

Pemrtenusa:

1.1
T’prI/IM penienne Ha €JCKTPUYIHOTO U MarHUTHOTO IIOJIE OT BUOa:

E (z,t) = Eo (z,y,2) exp (—iwt), B (z,t) = By (z,y, z) exp (—iwt) .
KOUTO N3 yIOBJIETBOPSBAT TPAHUIHUTE YCJIOBUS HA TIOBbPXHOCTTA HA KyTHSTA:
El =0, B+ =o0.

3aeJHO ¢ ypaBHeHusTa Ha Makcyesn BbB BakyyMm. Or ypaBHeHuara Ha Makcyen nMame:

- - . OB L .

V.E = 0=V.Ey(z,y,2) =0; VxE:—E: V x Ey (z,y,2) = iwBy (x,y,2) ;
- - . - 10E .o W =

V.B = 0= V.By(z,y,2z) =0; VXB:C—2§=> VXBO(x,y,z):—ZC—o;EO(x,y,z).

Ot ypasuenne V X Fy = iwBy ce Buxk1a, de ako 3uaem Fy To BeaHara Hamupame n By Taka, de HeKa 1a HAMEPUM TOJIETO
Ey. 3a nenra B3umame porarus Ha ypasHerue V X Fy = iwBy =

U ($xh) = v*o_%;o:m(wgo):iw(_“‘;ﬁo);»
N— C
=0
2
AE, = -F,
C



MJIN II0 KOMIIOHEHTHW UMaMe:

A-EO:E = _FEOI7
2
w
AEOy == - 072 EOy 5
2
w
A-EOZ = - 072 Ey..

PemaBaMe ropHute ypaBHEHUs 4pe3 MeTOAA HA Pa3ieiisHe Ha IPOMEHJHMBHTE, IPUMEPHO B3MMaMe ypaBHeHHero 3a Fo, u
mopeum Eo, (2,y,2) = X (2)Y (y) Z (2) =

2 T 2 2 P U.)2
v ze o s x @20 e x@yw T - SSx @Y w26 -
1 %X (x) 1 9% (y) 1 02Z(z)  w?
X () Oz Y (y) 0y? tz (z2) 022 =
——k2 ——k2 —— k2

MOCTIeTHATE HE3ABUCUMH YPABHEHHS Ca Ha XapMOHWYEH OCIMIATOD W CJIeJ0BATEHO PEIIeHHeTO Ce TaBa KaTo:
Eoy (z,y,2) = [Asin (kyx) + B cos (kzx)] [Csin (kyy) + D cos (kyy)] [Esin (k.z) + F cos (k. z)]
OT TPAHUTHOTO YCJIOBHE El=0=

on(l',O,Z) = on(x7y’0):0:>D:F:07
Eoz (x,b,2) = Eo(z,y,d) =0=ky,=nn/b, k,=Ir/d

Eoy (z,y,2) = [Asin (kyz) + B cos (kyx)] sin (k,y) sin (k. z) ,

UMaM€ aHaJIOTHYHO 1 3a JPYI'UTE€ KOMIIOHEHTN

Foy (,9,2) = sin (k) [C'sin (byy) + D cos (kyy)] sim (k2)
Eo. (z,y,2) = sin(kyx)sin(kyy) [Esin (k.z) + F cos (k.2)],
k. = mw/a

Cera B3uMame ﬁ.ﬁo =0=
kg [Acos (kyx) — Bsin (kyx)] sin (kyy) sin (k. 2) + ky sin (kyx) [C cos (kyy) — D sin (kyy)] sin (k. z) +
+k, sin (kyx) sin (kyy) [E cos (k,z) — F'sin (k,2)] =0,

B 9aCTHOCT ako u3bepem x = 0 nMmame:
kyAsin (kyy)sin (k.z) =0= A =0.

Anasiornano axo uzbepem y = 0 umame C =0 a or z =0 umame £ =0 =

Eoy (z,y,2) = Becos(kyx)sin (kyy)sin (k.z),
Eoy (x,y,2) = Dsin(kyx)cos (kyy)sin (k. z),
Ey. (z,y,2) = Fsin(k,x)sin (kyy)cos (k,z).

keB + kyD + k. F =0,

MarauTHOTO 1I0JIe HaMupame OT ypasHennero V X Fy = iwBy =

By, (z,y,2) = fi <8§;Z — 3§§y) = 75 [ky F sin (kzx) cos (kyy) cos (k,z) — k. D sin (kyx) cos (kyy) cos (k. 2)],
Boy (z,y,2) = _;<%$m_?$f)_-ﬁJ@Bam@ﬂﬁmm@mamw%)_@Fammﬂmmqmoma@@L
By, (z,y,2) = —% <8§£y - 85;“) = —% [k D cos (kyx) cos (kyy) sin (k,z) — ky B cos (kyz) cos (kyy) sin (k,2)] .
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KOETO aBTOMATHYHO yIOBIETBOPSABA MPAHUYHATE yCaoBus BT = 0 <

By, (07 Y, Z) = Boa (a’7 Y, Z) =0,
Byy (2,0,2) = Boy(x,b,2) =0,
By (,9,0) = DB (z,y,d) =0.

KakKTo u ycaoBruero V.By = 0 moHeKe BBbJIHOBHUTE UNCIa TPAOBA 13 YIOBIETBOPABAT

w?

c2

w = em/(/d)? + (mfa)® + (n/b)?

= —kl-k -k =

1.2

PemmaBamve ypasuenuero ua Jlamnac B GHIMHAPUYHA KOODINHATH W OTYATAME, Ue 33 OE3KPANHO AbJIbI TPOBOIHUK PE3YJI-
TaTa He TPAOBA J1a 3aBUCH OT KOOD/MHATATA Z =

9?V 19V 1 9%V
A = _ _— —
v 0©87‘2+r8r+7‘2802

cJies] pa3fiesidae Ha TPOMEHJINBUTE B TTOCJIEAHOTO YpaBHEHNEe UMaMe pelleHre, KOeTo ce JaBa KaTo:

=0

V= mio (£>m [Ap, cos (m@) + By, sin (mé)]

koedunuenture A,, u By, e HaMepuM OT IPAHUYHUTE YCJIOBHs BbPXY JIBETE IOBbPXHUHU HA IUIMHAPUIHUAT IPOBOJHUK.

IMonexe npu r = a umame V (—60) = V (0) (Bux dur 2) ro ciensa, ge B, = 0. Koebunmenture A, 1e HaMepuM Karo
V (a,0) ymuoxkum ¢ cos (nd) (mpu n # 0) u uaTerpupame 1o § =

27 /2 3m/2 _
/ V cos (nf) df = / Vi cos (n) df + / Va cos (nd) df = 2= Vo) sin (n77r>
0

—m/2 /2 n 2

a OTYMTAIKY, Ye fo% cos (mf) cos (n) df = woy, ,, =

A, = 72 (1 — V3) sin (n—ﬂ)

™

ampun=0= Ay = V1‘2H/2 AJIA OKOHYATEJHO UMaMe

v

i+ Vs Vi—Va (*Un_l
= 2

2 on — 1 (i)zn_l cos[(2n — 1) 6]

a
n=1

1.3

Hait-6bp3usiT mbT OT TOYKa A J10 OrIeqajoTo U or ToYka B 10 orsemanoro ca mpasu JuHuMA. EAMHCTBEHUST BHIPOC €,
K'bJie BbPXY OTJIENATIOTO TpsibBa ma Obae Toukara na orpazkenne C? Heka x ma € XOpU3OHTATHOTO PA3CTOSHUE OT TOYKA A
1o Touka Ha orpaxkenne C. Bpemero 3a xoero ababr nbryBa or A mo C e t1 = AB/c, a BpeMeTO 3a KOETO JIb9a, CTUTA, OT
rouka C 110 To4ka B e to = BC/¢, KbJero ¢ € CKOpOCTTa Ha, CBETJMHATA BbB BaKyyM. Torasa I'bJIHOTO BpeMe €:

/ 2
AB BC VaZiai2 b2+ (d—x
t:t1+t2:—+?: ac—i—x " i )’

c

(2)

ThbPCUM €KCTPEMAJHOTO BpeM =
dt

a5 x _ d—x —0
dz cva? + 2 c /b2+(d—w)2 ’

KaTO IIOCIIEeTHOTO PAaBEHCTBO MOXKEM a 3allMIIEeM KaTO:

x B d—=x
Va? +a? /b + (d—2)°
5

Ssina=sinf < a=0.
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Haii-0bp3usaT nbT BbB BCAKAKBA CPEJA € NPaBa JUHUA. EIMHCTBEHUAT BBHIIPOC €, K'b/Ie HA TPAHUIIATA MEXK/IY JBETe CPean
TpsibBa Ja Obae Toukara Ha npedaynsane C? Heka ¢ x ma o3HAYMM XOPU3OHTAJHOTO PA3CTOSIHEE OT TOYKA A JI0 TOYKA HA
npeuynsare C. Bpemero 3a koero ceernuuara ctura ot A o B e:

2
AB  BC Va1 a2 \JP+(d—x)
Pty ity = oo o = YT :
V1 V2 (% Vo

3)

TbPCUM €KCTPEMATIHOTO BpeM =

dt

a5 T _ d—=x —0
R N S

KaTO IIOCIIEeTHOTO PAaBEHCTBO MOXKEM a 3allMIIeM KaToO:

. 1 . sina no
—sina = —sinf & — = —

x B d—z - 1
viva? + 22 Vg /b2 Y (d— :L’)2 VU1 () sin 8 ny
1.5

Pemrasa ce xaro nosmssame 3akona na CHesmyc.

1.6

Heka y () e Tbpcenara kpusa. [Ipu JBUYKEHUETO CU 110 KPUBATA PBCTEHYETO HMa CKOPOCT v = /2gy. Tbit KaTo Thbpeum
KPHBAa, IO KOATO IBHKEHHETO CE€ M3BBPINBA 34 HA-KPATKO BpeMe, Ie HAIIPABUM aHAJOrus ¢ npuHiuna xHa Pepma:

ITle pa3rnemame ABUKEHUETO HA TMPBCTEHYETO KATO JBUMKEHUE HA CBETJIWHEH JIHbY B Cpella ¢ TOKa3aTesl Ha MpedyBaHe,
MTPOTIOPITUOHAJIEH HA y’l/ 2. ToraBa CKOPOCTTA 1, I, I € IPOIOPIMOHAIIHA, A yl/ 2. OUTHYHO HECIHOPOIHATA CPEIa MOKEM
3 pasriesaMe KaTo ChbBKYITHOCT OT ONTHYHO €THOPOJHYM XOPU3OHTAJIHHU CJAOEBE C PA3IMYHU MOKA3ATEIW HA IPEIyIIBAHE.
ITopaau npedynBaHe HA IPAHULIATA MEXKY CJIOEBETE JI'b4a Ce 3aKPUBsIBa, KATO OT CJIOM KbM CJI0M cra3sa 3akoHa Ha CHeauyc
=

nysina; = ngsinag = ... = nsina = const,

K'bJIETO 'bI'bJIA (¢ € 'bI'bJIA HA MAJaHe BbPXY ITPOU3BOJIeH n30paH c/ioil ¢ mokasaren Ha npedyneane n. OT apyra cTpaHa uMame
—-1/2

n=ay , KbJIETO @ € KOHCTaHTa, u cot o = dy/dx =
. a
nsina = = const =
a2
du\ 2
y |1+ ( y) = const
dx

nedepeHnupamMe MOCAeTHUAT U3PA3 M0 T =

dy\” d*y
— 2y | — 1=
<dm> T (dm2 * 0

Tazu 3a1a4a e u3pecrHa kKaro Bpaxucroxpona u e 6busia nocrasena npe3 1696 or Beprynun
http://en.wikipedia.org/wiki/Brachistochrone_curve.

Baucka 3agaga no 3amadara 3a Bpaxucroxponara e 3agadaTa 3a TayToxpoHa
http://en.wikipedia.org/wiki/Tautochrone_curve.



