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0.1 IIperoBop OoT BEKTOpHUS aHAJIN3

MHorokpaTHu IpoOn3BeAEHUST
B MHOrO o1 3amaunTe, KOWTO IIe perraBaMe Tpe3 TOANHATA IIle ToJ3BaMe CJIeTHNUTe CBOICTBRA!

A.B=B.A (1)
AxB=—-BxA (2)

AxA=0 (3)

(A.B)C = A.(BC) (4)

(Ax B).C=A.(BxC) (5)

Ax (Bx(C)=B(A.C)—-C(A.B) (6)

(Ax B).(C x D)= (A.C)(B.D)— (A.D) (B.C) (7)
(A.®).B = A.(9.B) = A.2.B (8)

)

(Ax ®).B=A. (P x B) (9

kbjero A, B, C, D ca Bekropu, a  ren3zop. AKo U3pU9IHO HE € Ka3aHO, TO Ce H0Apa30upa CJIeJHOTO HPABUIIO:
BEKTOpHU 1IuHieM C 1roJjieMu JIQATUHCKU 6yKBI/I, CKaJlapuTe C MaJIKU I'D'bIKA 6yKBI/I, a TeH30pu C roJieMu I'p’bIIKA
OYKBH.

OproronajiHu KOOpANHATHU CUCTEMU

B mpou3Bo/iHa OPTOrOHAHA KOOPJUHATHA CHCTeMa (C KOODJAUHATH ¢, 2, ¢3) KBaJpaTa Ha JIbJIKAHATA

ce 3a7aBa ¢ ¢popMmyaaTa;
di* = hidqi + h3dgs + h3dg;, (10)

a obema c dopmyiaTa:
dV = h1h2h3dqldQQdQ3, (1].)

KbaeTo h; ca xoeduruenTn Ha Jlame u ce gaBar c

@) () (2

Pazimmunure nudpepennmainy onepamnyuy ce 3anucBaT Taka:

1 0y
(Vi), = (gradyp), = T 0g, (13)
V.A= divA = 1 {i(hhA)—i—i(hhA)—i—i(hhA)} (14)
. hhohs | 9a 2h3Aq 20, 1h3As 5 1the A3) | ;
V X A = I’OtA = 8_q1 @ 8_q3 X (15)

hlAl h2A2 h3A3

. 1 8 h2h3 8@0 8 hlhg 8g0 0 hlhg 8g0
Ap =V =V.Vp= di(grady) = {—( —)+—( )+ = |
4 4 4 (g gp) hihahs | Oq1 hi Oq gy ha Ogs g3 hs Ogs

(16)




kbaero A u V ca BekTOpH, a ¢ € cKajap.
lekapToBM KOOPAMHATH

B JlekaproBa KoopauHaTHa cucTeMa umame: h, = 1,h, = 1,h, = 1 cienoBaTesno Habja omeparopa e

o 0 0
= (=, = = 1
(89&’83/’82)’ (17)
a omepartopa Ha Jlammac e
0? 82 0?
A =V?=V.V =div(grad) = Eye 8y @ (18)
Cdepuyunu KoopamHATU
B cdhepuuna koopannaTHa cucTemMa umame:
r = rsindcosa, y=rsinvsina, 2z =rcosv; (19)
h, = 1, hy =, he = rsind; (20)
CJIEJIOBATE/IHO pasjindHuTe JudepeHnuajn onepanun B chepudHa KOOPJAUHATHA CHCTEMA Ce 3allUCBAT
TaKa:
dp 10p 1 Oy
Vgp-gradgp—era +e197“819+ea7"sin04804’ (21)
_ 10, , 1 0 1 0A,
VA= divd= 2 0r (r#4-) + rsind 90 (Agsind) + rsind da’ (22)
1 0 0Ay
A = tA) = Agsind ; 2
(V> A), (rotA), rsin {819( sind) — Oa } ’ (23)
1 04, 10
A), = A), = AL);
(V> 4), (rotA), rsind da  ror (rda); (24)
10 (rdy) 10A,
A = tA — ; 2
(VxA), = (otd), = -2 - 2C0 (25)
. 10 %) 19 (. 0p 1 %
Ap =Vip= d dyp) = —— [ =L — _— 26
7 7 v (grady) r2 Or (T 8r)+r2sin19819 ( 819)+r251n2?98a2’ (26)
HuauEaApUYHA KOOPAMHATHI
B nuvHapuydHa KOOpMHATHA CHCTEMa UMaMe:
xr = rcosa, y=rsina, z=z; (27)
h, = 1, ho =T, h, =1; (28)

CJIeJOBATE€JTHO Ppa3/IHIHUTE ,ILI/I(bepeHHHaJIHH onepanyuu B TUJINHAPUYIHA KOOPpAWHATHA CHCTEMa Ce€ 3allucBaT

TaKa:
Op 1 agp Op

Vso—gradso—era tea oo e (29)
10 104, 0A.
104, 04,
(Vx ), = (or), = 2% _ 04, (31)
94, 0A.
(VxA), = (o), =204 (32)
- 10(rA,) 104,
(V X A)z = (rotA)Z = ; ar - ; o (33)
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2002 | 022’ (34)

Ap = 2 : - _r
=V div (gradyp) . "o

10 [ dp 1 &%  0%p
or

Sagaunm:
1.1 /Tokaxkere TbKIeCTBATA:
(1.1.1) rot(grady) =0

(1.1.2) div(rotAd) =0
(1.1.3) grad (1)) = pgrady + Ygradp
(1.1.4) div(pA) = ¢ divA+ A.grady
(1.1.5) rot (pA) = protA — A x gradp
(1.1.6) div(A x B) = B.rotA — A.rotB
(1.1.7) rot (A x B) = A divB — B divA + B.gradA — A.gradB
(1.1.8) grad (A.B) = A x rotB + B x rotA + B.gradA + A.gradB

1.2 TIpecmernere B J/leKapToBa KOOPJMHATHA CHCTEMa 3a PAIUyc BeKTopa r (r = (z,y, 2)):
(1.2.1)  divr

(1.2.2) rotr
(1.2.3) gradr

, d
1.3 snon3saiikn pasencTsoTo grad(y (1)) = S2gradu, npecmernere B Jlekaprosa KOOpIHHATHA CHCTEMA:

(1.3.1) grade(r)

(1.3.2) div(p(r)r)
(1.3.3) rot(p(r)r)

1.4 Hamepere dbyukmuaTa ¢ (r), kosaro yaosaersopsisa  div (¢ (r)r) =0
1.5 Hamepere obmust Buj Ha penienuero 3a ypaphenuero Ha Jlamnac (V.Vy = Vip = Ap = 0) B
cepuaHE KOOPAMHATH, 33 CKaJaapHa (PYHKIM , 3aBUCEINA CaMo OT:
1.5.1r
1.5.2
1.5.3 9
1.6 Hamepere obmust Buj Ha pemnienuero 3a ypapnenuero Ha Jlamnac (V.Vy = Vip = Ap = 0) B
UJIMHAPUYHI KOOPJAMHATH, 3a CKajJapHa (DYyHKIUS , 3aBUCEIIA CAMO OT:
1.6.1r
1.6.2
1.6.3 z

1.7 JlokaxkeTe TbKIeCTBOTO:

AA=—V x (VxA)+V(V.A) (35)

1.8 Axo A% = const, To TOKayKeTe ThIKIAECTBOTO:

(AV)A=—A x rotA (36)



Peurtenusa:
1.1.1

rot (gradp) =V x (Vo) =V x V (¢) =0
—0

Canencrsue ot 3ajauara: ako rot (U) = 0, To moxewm ja npegcrasum U = gradp. Takusa moJsera ce
HApUYaT KOHCEPBATHBHHU, MPUMED 3a TsIX Ca eJeKTPOCTATHIHOTO (6€3 MArHUTHA C'hCTABSINA) W IDABUTA-
LHMOHHOTO.

1.1.2

div (rotA) = V.(Vx A)=(VxV)A=0

Cnencreue or 3amadara: Ako divU = 0, To moxkem ma npeacrasum U = V x V. Takupa mosera ce
HAPUYAT COJEHOUJATHHI, HA IPUMEP MATHUTHOTO IIOJIE.

Besiko BeKTOpHO 1moJie MOKe Ja Ce IPeJCTaBh KaTo CyMa OT COJIEHOHJIAJIHO I10Jie M KOHCePBATHUBHO
(byngamenranna Teopema Ha BekTOpHaTa ajarebpa-Teopema Ha XeJaMX0JI31)

1.1.3

grad (o) = V (p0) = V (0ch) + V (1) = 0V (¥) + 0.V (¢) = oV + YV
1.1.4

div (pA) = V. (pA) = V. (g, A) + V. (pA) = 0. V. A+ (pA) .V = p.V.A+ AV = oV.A + AV
1.1.5

rot (pA) = Vx(pA) = VX (0. A)+Vx(pA:) = ¢ VXA—(pA )XV = p.VXxA—A.xVp = pVxA—AxVy
1.1.6

div(AxB) = V.(AxB)=V.(A.x B)+V.(Ax B.) =—V.(Bx A) + (V x A).B, =
= (VxA).B.—(VxB).A.=B..(VxA) —A.(V xB)

1.1.7
rot(AxB) = VX(AxB)=VXx(A.xB)+Vx(AxB.)=A.(V.B)—B(V.A.) +
+A(V.B.) — B.(V.A) = A.(V.B)—(A..V)B+ (B.V)A— B.(V.A) = AV.B— BV.A+ BVA— AVB
1.1.8
V (A.B) = V (A..B) + V (A.B.)

V(Ae.B) = A.x(VxB)+(A.V)B

V(AB.) = B.x(VxA)+(B.V)A
=

V(A.B) = A x (V x B) + (A.V) B+ B. x (V x A) + (B..V) A
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1.2.1

or Oy 0z
d e = — e —_— =
iv(r)=V.r o "oy T o, 3
1.2.2
b o 9 o 0 o 9
0 0 0
f°trV><r|a oy o :eﬂ”(a—yz_ay) ey(a_w_%z)+ Z(a y_a—yx):((),o,())
T Yy =z
1.3.1

HEeKa cera npecMeTHeM gradr

(gradr), =

dz N
. B d(x/x2+y2+z2>_ Y Ly
(gradr)y = dy Vi
d (Ve 7+ ) . )
(gradr), = - — N =2
=
gradr = —
N _ de(r) _rdy(r)
gradp (r) = o gradr = .
1.3.2
dv(p()) = V(0 (1) = V. (0e(r) 1) + V. (2 (1) 1) = 00 (r) Vor 4+ (Vor) o ) =
e (NVr+@.V)er) = ¢r)V.L+r.Ve(r)=3p(r)+ rd2£r)

1.3.3

Vx(p(r)r) =

e(MVxr—rxVep(r) =
-0
rdp(r)
r dr =0
=0
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1.4

OT npeJguniHaTa 3a/Jda4a MOJI3BaMe

dep (1)
dr

div (¢ (r)r) =3¢ (r) +r

do(r) _
= TBPCHM pelleHne Ha ypasuenuero 3¢ (r) +r=5= =0

d
Lol e
r ¥
—3Inr =Iny — const

Y

Inr—= =1n

4

const

const
= p=

r3
1.5

Ot oneparopa Ha Jlamiac B cdhepudHn KOOPIUHATH UMaMe

— V2= di _ L0 (20 L 9 (Gne2) 1 O
Ap =V = dlv(gradw)—r2ar r + 50 sin +

or r2sin o r2sin? ¢ @;
=
1.5.1
10 ([ ,0p
= ——(r22) =0
r2or (T 87“)
N 2rop ¢ 0
r2or  or?2
0
= g = const.r—?
or
= = consty + consty /T
1.5.2
1
= ————=0
r2sin? ¥ 02
dp
= £ — const
%0 cons
= @ = consty + constoxx
1.5.3



1.

1.

1.

1.

r2 sin ¥ OV ov
cos? dp  O%*p
sin v OV + o2 0

= 1 g <sinﬁ8£> =0

Op cos v dsinv )
= In (879) — In const = —/ Smﬁaﬁ_ —/ g — In (sin 9)

Jtan (¥/2)

= 8_90 = const = = consty + consts / 0_19 = consty + constg/
oY sind sin ¢
= consty + consts / v = consty + consty /
2tan (¥/2) cos? (¥/2)
@ = consty + consty In (tan (9/2))

6

Ot oneparopa Ha Jlamiac B IHJIMHAPUIHE KOOPIANHATH HMaMe

. 10 [ 0y 1 9%p
Ap=V?p= d dp) = —-——|r— 75
4 4 v (gradeo) ror (T 87‘) * r? Ja? *
=
6.1
1o (90 _,
ror \ or)
10p 0%
= ——+—=0
r or + Or?
0
N op _ const
or r
= @ = consty + constyInr
6.2
1 0%p
= _— =
r2 0o
= =L = const
90 cons
= @ = consty + constoxx
6.3

[l
= —=0
022
= — = const
0z
@ = const; + constaz

7

ov

2sin (9/2) cos (¥/2)

tan (9/2)

Pp.
022’



1.7

Vx(VxA) = V(V.A)-(V.V)A
= (V.V)A=AA=-Vx(VxA) +V(V.A)
1.8
Ax(VxB) = V(B.A) - (AV)B=(VB).A- A.(VB)
B = A= Ax (VxA)=(VA).A— A (VA)

or A2 = const = V(A.A) =0, n0 V(A.A) = (VA). A+ (VA).A = 2(VA).A = (VA).A =0
OKOHYATEJIHO =

A (VA) = —Ax (Vx A) + (VA).A= —A x rotA



