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0.1 Ïðåãîâîð îò âåêòîðíèÿ àíàëèç

Ìíîãîêðàòíè ïðîèçâåäåíèÿ

Â ìíîãî îò çàäà÷èòå, êîèòî ùå ðåøàâàìå ïðåç ãîäèíàòà ùå ïîëçâàìå ñëåäíèòå ñâîéñòâà:

A.B = B.A (1)

A×B = −B × A (2)

A× A = 0 (3)

(A.B)C = A. (BC) (4)

(A×B) .C = A. (B × C) (5)

A× (B × C) = B (A.C)− C (A.B) (6)

(A×B) . (C ×D) = (A.C) (B.D)− (A.D) (B.C) (7)

(A.Φ) .B = A. (Φ.B) = A.Φ.B (8)

(A× Φ) .B = A. (Φ×B) (9)

êúäåòî A,B,C,D ñà âåêòîðè, à Φ òåíçîð. Àêî èçðè÷íî íå å êàçàíî, òî ñå ïîäðàçáèðà ñëåäíîòî ïðàâèëî:
âåêòîðè ïèøåì ñ ãîëåìè ëàòèíñêè áóêâè, ñêàëàðèòå ñ ìàëêè ãðúöêè áóêâè, à òåíçîðè ñ ãîëåìè ãðúöêè
áóêâè.
Îðòîãîíàëíè êîîðäèíàòíè ñèñòåìè

Â ïðîèçâîëíà îðòîãîíàëíà êîîðäèíàòíà ñèñòåìà (ñ êîîðäèíàòè q1, q2, q3) êâàäðàòà íà äúëæèíàòà
ñå çàäàâà ñ ôîðìóëàòà:

dl2 = h21dq
2
1 + h22dq

2
2 + h23dq

2
3, (10)

à îáåìà ñ ôîðìóëàòà:
dV = h1h2h3dq1dq2dq3, (11)

êúäåòî hi ñà êîåôèöèåíòè íà Ëàìå è ñå äàâàò ñ

hi =

√(
∂x

∂qi

)2

+

(
∂y

∂qi

)2

+

(
∂z

∂qi

)2

. (12)

Ðàçëè÷íèòå äèôåðåíöèàëíè îïåðàöèè ñå çàïèñâàò òàêà:

(∇φ)i = (gradφ)i =
1

hi

∂φ

∂qi
; (13)

∇.A = divA =
1

h1h2h3

[
∂

∂q1
(h2h3A1) +

∂

∂q2
(h1h3A2) +

∂

∂q3
(h1h2A3)

]
; (14)

∇× A = rotA =

∣∣∣∣∣∣
e1

h2h3

e2
h1h3

e3
h2h1

∂
∂q1

∂
∂q2

∂
∂q3

h1A1 h2A2 h3A3

∣∣∣∣∣∣ ; (15)

∆φ = ∇2φ = ∇.∇φ = div (gradφ) =
1

h1h2h3

[
∂

∂q1

(
h2h3
h1

∂φ

∂q1

)
+

∂

∂q2

(
h1h3
h2

∂φ

∂q2

)
+

∂

∂q3

(
h1h2
h3

∂φ

∂q3

)]
;

(16)
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êúäåòî A è ∇ ñà âåêòîðè, à φ å ñêàëàð.
Äåêàðòîâè êîîðäèíàòè

Â Äåêàðòîâà êîîðäèíàòíà ñèñòåìà èìàìå: hx = 1, hy = 1, hz = 1 ñëåäîâàòåëíî íàáëà îïåðàòîðà å

∇ =

(
∂

∂x
,
∂

∂y
,
∂

∂z

)
, (17)

à îïåðàòîðà íà Ëàïëàñ å

∆ = ∇2 = ∇.∇ = div (grad) =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
(18)

Ñôåðè÷íè êîîðäèíàòè

Â ñôåðè÷íà êîîðäèíàòíà ñèñòåìà èìàìå:

x = r sinϑ cosα, y = r sinϑ sinα, z = r cosϑ; (19)

hr = 1, hϑ = r, hα = r sinϑ; (20)

ñëåäîâàòåëíî ðàçëè÷íèòå äèôåðåíöèàëíè îïåðàöèè â ñôåðè÷íà êîîðäèíàòíà ñèñòåìà ñå çàïèñâàò
òàêà:

∇φ = gradφ = er
∂φ

∂r
+ eϑ

1

r

∂φ

∂ϑ
+ eα

1

r sinα

∂φ

∂α
; (21)

∇.A = divA =
1

r2
∂

∂r

(
r2Ar

)
+

1

r sinϑ

∂

∂ϑ
(Aϑ sinϑ) +

1

r sinϑ

∂Aα

∂α
; (22)

(∇× A)r = (rotA)r =
1

r sinϑ

[
∂

∂ϑ
(Aα sinϑ)−

∂Aϑ

∂α

]
; (23)

(∇× A)ϑ = (rotA)ϑ =
1

r sinϑ

∂Ar

∂α
− 1

r

∂

∂r
(rAα) ; (24)

(∇× A)α = (rotA)α =
1

r

∂ (rAϑ)

∂r
− 1

r

∂Ar

∂ϑ
; (25)

∆φ = ∇2φ = div (gradφ) =
1

r2
∂

∂r

(
r2
∂φ

∂r

)
+

1

r2 sinϑ

∂

∂ϑ

(
sinϑ

∂φ

∂ϑ

)
+

1

r2 sin2 ϑ

∂2φ

∂α2
; (26)

Öèëèíäðè÷íè êîîðäèíàòè

Â öèëèíäðè÷íà êîîðäèíàòíà ñèñòåìà èìàìå:

x = r cosα, y = r sinα, z = z; (27)

hr = 1, hα = r, hz = 1; (28)

ñëåäîâàòåëíî ðàçëè÷íèòå äèôåðåíöèàëíè îïåðàöèè â öèëèíäðè÷íà êîîðäèíàòíà ñèñòåìà ñå çàïèñâàò
òàêà:

∇φ = gradφ = er
∂φ

∂r
+ eα

1

r

∂φ

∂α
+ ez

∂φ

∂z
; (29)

∇.A = divA =
1

r

∂

∂r
(rAr) +

1

r

∂Aα

∂α
+
∂Az

∂z
; (30)

(∇× A)r = (rotA)r =
1

r

∂Az

∂α
− ∂Aα

∂z
; (31)

(∇× A)α = (rotA)α =
∂Ar

∂z
− ∂Az

∂r
; (32)

(∇× A)z = (rotA)z =
1

r

∂ (rAα)

∂r
− 1

r

∂Ar

∂α
; (33)
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∆φ = ∇2φ = div (gradφ) =
1

r

∂

∂r

(
r
∂φ

∂r

)
+

1

r2
∂2φ

∂α2
+
∂2φ

∂z2
; (34)

Çàäà÷è:
1.1 Äîêàæåòå òúæäåñòâàòà:

(1.1.1) rot (gradφ) = 0

(1.1.2) div (rotA) = 0

(1.1.3) grad (φψ) = φgradψ + ψgradφ

(1.1.4) div (φA) = φ divA+ A.gradφ

(1.1.5) rot (φA) = φrotA− A× gradφ

(1.1.6) div (A×B) = B.rotA− A.rotB

(1.1.7) rot (A×B) = A divB −B divA+B.gradA− A.gradB

(1.1.8) grad (A.B) = A× rotB +B × rotA+B.gradA+ A.gradB

1.2 Ïðåñìåòíåòå â Äåêàðòîâà êîîðäèíàòíà ñèñòåìà çà ðàäèóñ âåêòîðà r (r = (x, y, z)):

(1.2.1) divr

(1.2.2) rotr

(1.2.3) gradr

1.3 Èçïîëçâàéêè ðàâåíñòâîòî grad(φ (u)) = dφ
du
gradu, ïðåñìåòíåòå â Äåêàðòîâà êîîðäèíàòíà ñèñòåìà:

(1.3.1) gradφ (r)

(1.3.2) div (φ (r) r)

(1.3.3) rot (φ (r) r)

1.4 Íàìåðåòå ôóíêöèÿòà φ (r), êîÿòî óäîâëåòâîðÿâà div (φ (r) r) = 0
1.5 Íàìåðåòå îáùèÿ âèä íà ðåøåíèåòî çà óðàâíåíèåòî íà Ëàïëàñ (∇.∇φ = ∇2φ = ∆φ = 0) â

ñôåðè÷íè êîîðäèíàòè, çà ñêàëaðíà ôóíêöèÿ φ, çàâèñåùà ñàìî îò:
1.5.1 r
1.5.2 α
1.5.3 ϑ

1.6 Íàìåðåòå îáùèÿ âèä íà ðåøåíèåòî çà óðàâíåíèåòî íà Ëàïëàñ (∇.∇φ = ∇2φ = ∆φ = 0) â
öèëèíäðè÷íè êîîðäèíàòè, çà ñêàëaðíà ôóíêöèÿ φ, çàâèñåùà ñàìî îò:

1.6.1 r
1.6.2 α
1.6.3 z

1.7 Äîêàæåòå òúæäåñòâîòî:

∆A = −∇× (∇× A) +∇ (∇.A) (35)

1.8 Àêî A2 = const, òî äîêàæåòå òúæäåñòâîòî:

(A.∇)A = −A× rotA (36)
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Ðåøåíèÿ:

1.1.1

rot (gradφ) = ∇× (∇φ) = ∇×∇︸ ︷︷ ︸
=0

(φ) = 0

Ñëåäñòâèå îò çàäà÷àòà: àêî rot (U) = 0, òî ìîæåì äà ïðåäñòàâèì U = gradφ. Tàêèâà ïîëåòà ñå
íàðè÷àò êîíñåðâàòèâíè, ïðèìåð çà òÿõ ñà åëåêòðîñòàòè÷íîòî (áåç ìàãíèòíà ñúñòàâÿùà) è ãðàâèòà-
öèîííîòî.

1.1.2

div (rotA) = ∇. (∇× A) = (∇×∇)︸ ︷︷ ︸
=0

.A = 0

Ñëåäñòâèå îò çàäà÷àòà: Àêî divU = 0, òî ìîæåì äà ïðåäñòàâèì U = ∇ × V. Òàêèâà ïîëåòà ñå
íàðè÷àò ñîëåíîèäàëíè, íà ïðèìåð ìàãíèòíîòî ïîëå.

Âñÿêî âåêòîðíî ïîëå ìîæå äà ñå ïðåäñòàâè êàòî ñóìà îò ñîëåíîèäàëíî ïîëå è êîíñåðâàòèâíî
(ôóíäàìåíòàëíà òåîðåìà íà âåêòîðíàòà àëãåáðà-Òåîðåìà íà Õåëìõîëçö)

1.1.3

grad (φψ) = ∇ (φψ) = ∇ (φcψ) +∇ (φψc) = φc∇ (ψ) + ψc∇ (φ) = φ∇ψ + ψ∇φ
1.1.4

div (φA) = ∇. (φA) = ∇. (φcA) +∇. (φAc) = φc∇.A+ (φAc) .∇ = φc∇.A+ Ac.∇φ = φ∇.A+ A.∇φ
1.1.5

rot (φA) = ∇×(φA) = ∇×(φcA)+∇×(φAc) = φc∇×A−(φAc)×∇ = φc∇×A−Ac×∇φ = φ∇×A−A×∇φ
1.1.6

div (A×B) = ∇. (A×B) = ∇. (Ac ×B) +∇. (A×Bc) = −∇. (B × Ac) + (∇× A) .Bc =

= (∇× A) .Bc − (∇×B) .Ac = Bc. (∇× A)− Ac. (∇×B)

1.1.7

rot (A×B) = ∇× (A×B) = ∇× (Ac ×B) +∇× (A×Bc) = Ac (∇.B)−B (∇.Ac) +

+A (∇.Bc)−Bc (∇.A) = Ac (∇.B)− (Ac.∇)B + (Bc.∇)A−Bc (∇.A) = A∇.B −B∇.A+B.∇A− A.∇B
1.1.8

∇ (A.B) = ∇ (Ac.B) +∇ (A.Bc)

∇ (Ac.B) = Ac × (∇×B) + (Ac.∇)B

∇ (A.Bc) = Bc × (∇×A) + (Bc.∇)A

⇒
∇ (A.B) = Ac × (∇×B) + (Ac.∇)B +Bc × (∇×A) + (Bc.∇)A
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1.2.1

div (r) = ∇.r = ∂x

∂x
+
∂y

∂y
+
∂z

∂z
= 3

1.2.2

rotr = ∇× r =

∣∣∣∣∣∣
ex ey ez
∂
∂x

∂
∂y

∂
∂z

x y z

∣∣∣∣∣∣ = ex

(
∂

∂y
z − ∂

∂z
y

)
+ ey

(
∂

∂z
x− ∂

∂x
z

)
+ ez

(
∂

∂x
y − ∂

∂y
x

)
= (0, 0, 0)

1.3.1

gradφ (r) =
dφ (r)

dr
gradr

íåêà ñåãà ïðåñìåòíåì gradr

(gradr)x =
d
(√

x2 + y2 + z2
)

dx
=

x√
x2 + y2 + z2

=
x

r

(gradr)y =
d
(√

x2 + y2 + z2
)

dy
=

y√
x2 + y2 + z2

=
y

r

(gradr)z =
d
(√

x2 + y2 + z2
)

dz
=

z√
x2 + y2 + z2

=
z

r

⇒
gradr =

r

r

⇒
gradφ (r) =

dφ (r)

dr
gradr =

r

r

dφ (r)

dr
1.3.2

div (φ (r) r) = ∇. (φ (r) r) = ∇. (φc (r) r) +∇. (φ (r) rc) = φc (r)∇.r+ (∇.rc)φ (r) =

φc (r)∇.r+ (rc.∇)φ (r) = φ (r) ∇.r︸︷︷︸
=3

+ r.∇φ (r)︸ ︷︷ ︸
= r

r
dφ(r)
dr

= 3φ (r) + r
dφ (r)

dr

1.3.3

∇× (φ (r) r) = φ (r)∇× r︸ ︷︷ ︸
=0

− r×∇φ (r) =

= −r× r

r︸ ︷︷ ︸
=0

dφ (r)

dr
= 0
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1.4

îò ïðåäèøíàòà çàäà÷à ïîëçâàìå

div (φ (r) r)=3φ (r) + r
dφ (r)

dr

⇒ òúðñèì ðåøåíèå íà óðàâíåíèåòî 3φ (r) + r dφ(r)
dr

= 0

⇒ −3
dr

r
=
dφ

φ
⇒ −3 ln r = lnφ− const

⇒ ln r−3 = ln
φ

const

⇒ φ =
const

r3

1.5

Îò îïåðàòîðà íà Ëàïëàñ â ñôåðè÷íè êîîðäèíàòè èìàìå

∆φ = ∇2φ = div (gradφ) =
1

r2
∂

∂r

(
r2
∂φ

∂r

)
+

1

r2 sinϑ

∂

∂ϑ

(
sinϑ

∂φ

∂ϑ

)
+

1

r2 sin2 ϑ

∂2φ

∂α2
;

⇒
1.5.1

⇒ 1

r2
∂

∂r

(
r2
∂φ

∂r

)
= 0

⇒ 2r

r2
∂φ

∂r
+
∂2φ

∂r2
= 0

⇒ ∂φ

∂r
= const.r−2

⇒ φ = const1 + const2/r

1.5.2

⇒ 1

r2 sin2 ϑ

∂2φ

∂α2
= 0

⇒ ∂φ

∂α
= const

⇒ φ = const1 + const2α

1.5.3
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⇒ 1

r2 sinϑ

∂

∂ϑ

(
sinϑ

∂φ

∂ϑ

)
= 0

⇒ cosϑ

sinϑ

∂φ

∂ϑ
+
∂2φ

∂ϑ2
= 0

⇒ ln

(
∂φ

∂ϑ

)
− ln const = −

∫
cosϑ

sinϑ
∂ϑ = −

∫
∂ sinϑ

sinϑ
= − ln (sinϑ)

⇒ ∂φ

∂ϑ
=
const

sinϑ
⇒ φ = const1 + const2

∫
∂ϑ

sinϑ
= const1 + const2

∫
∂ϑ

2 sin (ϑ/2) cos (ϑ/2)
=

= const1 + const2

∫
∂ϑ

2 tan (ϑ/2) cos2 (ϑ/2)
= const1 + const2

∫
∂ tan (ϑ/2)

tan (ϑ/2)
⇒

φ = const1 + const2 ln (tan (ϑ/2))

1.6

Îò îïåðàòîðà íà Ëàïëàñ â öèëèíäðè÷íè êîîðäèíàòè èìàìå

∆φ = ∇2φ = div (gradφ) =
1

r

∂

∂r

(
r
∂φ

∂r

)
+

1

r2
∂2φ

∂α2
+
∂2φ

∂z2
;

⇒
1.6.1

⇒ 1

r

∂

∂r

(
r
∂φ

∂r

)
= 0

⇒ 1

r

∂φ

∂r
+
∂2φ

∂r2
= 0

⇒ ∂φ

∂r
=
const

r
⇒ φ = const1 + const2 ln r

1.6.2

⇒ 1

r2
∂2φ

∂α2
= 0

⇒ ∂φ

∂α
= const

⇒ φ = const1 + const2α

1.6.3

⇒ ∂2φ

∂z2
= 0

⇒ ∂φ

∂z
= const

φ = const1 + const2z
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1.7

∇× (∇× A) = ∇ (∇.A)− (∇.∇)A

⇒ (∇.∇)A = ∆A = −∇× (∇× A) +∇ (∇.A)

1.8

A× (∇×B) = ∇ (B.A)− (A.∇)B = (∇B) .A− A. (∇B)

B = A⇒ A× (∇× A) = (∇A) .A− A. (∇A)

îò A2 = const ⇒ ∇ (A.A) = 0, íî ∇ (A.A) = (∇A) .A + (∇A) .A = 2 (∇A) .A ⇒ (∇A) .A = 0
îêîí÷àòåëíî ⇒

A. (∇A) = −A× (∇× A) + (∇A) .A = −A× rotA
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